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Abstract

A new type model-free data-based iterative controller de-
sign of the LQ regulator is introduced in this paper. This
iterative approach is just corresponding to an extension of
the model-based Riccati difference equation, and it is di-
rectly constructs the regulator from input-output data of
an unknown system without requiring the system model.
The result is extended to the model-free design of dynam-
ical output feedback regulators as well.

1 Introduction

The modern control theory has developed on the basis
of the system model. For example, the LQ regulator has
been designed by making use of the Riccati equation or the
transfer function given by system models even for adap-
tive design. However it often happens that a designed
control system has poor performance because of unavoid-
able modeling error caused by nonlinearity and others of
actual systems. Recently, some ideas have been proposed
on model-free design of the LQ or LQG regulator [1]-[10].
These approaches may have possibilities of reducing dif-
ficulties related to modeling error because they directly
optimize the feedback controller from input-output data
without resorting to the process of system identification.
However, since they obtain the control on the basis of long
drawn-out responses, they seems extremely sensitive with
respect to irregularity included in actual responses.
A new type (recursive-type) model-free controller design

of the LQ regulator is introduced in this paper, which is
closely related to the non-recursive model-free iterative
(self-tuning) design [1]-[3]. The non-recursive algorithm
is a kind of Newton method where the state feedback gain
G is iteratively updated by

ΔG = −(Γbb
k )
−1 Γba

k

where Γba
k and Γbb

k denote the first and the second sensitiv-
ity matrices of the LQ performance in the kth (0, 1, 2, · · ·)

iteration with respect to the gain . It is also shown that
each element of the sensitivity matrices is given by an in-
ner product of responses. For example, Γba

k =< za, zb >
and Γbb

k =< zb, zb > for the SISO system where za and
zb denote the closed-loop responses of the unit initial state
and the unit impulse respectively.
It is well known that the optimal control problem

(multi-stage problem) is resolved into a sequence of one-
stage optimization problems. The new model-free algo-
rithm is based on this idea so that we may overcome the
defect of the model-free design. The recursive form is
just corresponding to the model-based Riccati difference
equation. In addition, a statistical data processing is in-
troduced which is corresponding to an extension of the
Riccati equation.
The algorithm is first explained for the basic state feed-

back, and it is extended to the dynamical output feedback
problem. The latter is based on the extended non-minimal
state space model representation [3], so that it is easily
applicable to unknown systems without using the conven-
tional state observer.

2 Recursive algorithm

First we study the case that the state is directly measur-
able. Let x(t) ∈ Rn be the state and u(t) ∈ Rm be the
control defined on t = 0, 1, 2, · · ·. Let

z(t) =
(

Cx(t)
Du(t)

)
(1)

be the controlled output. Note that z(t)T z(t) =
x(t)T CT Cx(t) + u(t)T DT Du(t). We study the infinite-
horizon LQ control which minimizes the standard LQ per-
formance index

J =
∞∑

t=0

z(t)T z(t). (2)

It is well known that the infinite-horizon LQ optimal con-
trol is given by a suitable time-invariant state feedback
u(t) = Gx(t). Therefore, the problem is to optimize the
gain G.
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The recursive model-free algorithm is given as follows:
Let Tk = {tk, tk+1, tk+2, · · · , tk+Nk−1}, (k = 0, 1, 2, · · ·)
denote a sequence of periods such that tk+1 ≥ tk + Nk.
Suppose that a matrix Pk, Hk and a gain Gk are given at
the beginning of the Tk. Observe response signals of the
closed-loop system by applying the control input

u(t) = Gkx(t) + v(t) (3)

on the period Tk where v(t) is an additional signal (white
noise is typical). The recursive algorithm is given as fol-
lows:

Pk+1 = Γaa
k − Γab

k (Γbb
k +Hk)−1

∗ (Γbb
k + 2Hk) (Γbb

k +Hk)−1 Γba
k , (4)

Gk+1 = Gk − (Γbb
k +Hk)−1 Γba

k . (5)

The first equation is related to the Riccati equation and
the second is an extension of the above Newton method.
The matrices Γaa

k , · · ·, Γaa
k are sub-matrices of the (n +

m, n+m) non-negative matrix

Γk =
(
Γaa

k Γab
k

Γba
k Γbb

k

)
, (6)

which is called the fundamental sensitivity matrix [11].
In this recursive algorithm, the sensitivity matrix is

given by the above response data as

Γk = Ξ−1
k

[∑
t∈Tk

∑
s∈Tk

ξ(t){z(t)T z(s)

+ x(t+ 1)T Pkx(s+ 1)}ξ(s)T
]
Ξ−1

k , (7)

Ξk =
∑
t∈Tk

ξ(t) ξ(t)T + δI,

ξ(t) =
(

x(t)
v(t)

)

where δ is a positive number and I is the unit matrix. The
supplementary non-negative (m,m) matrix Hk is given
recursively as

Hk+1 = λ1k Hk + λ2k Γbb
k , (8)

0 ≤ λ1k ≤ 1,
0 ≤ λ2k ≤ 1.

Note that (7) contains no system parameters. The ini-
tial conditions are

P0 ≥ 0, H0 ≥ 0. (9)

for this recursive relation. The initial gain G0 need not be
a stabilizing gain. Suppose that P0 ≥ 0, G0 and H0 ≥ 0
are given for an unknown system. Then (3) - (8) give
Γk, Pk+1, Gk+1 and Hk+1 (k = 0, 1, 2, · · · in order) at the
end of Tk. We refer to this model-free algorithm as the
recursive type. The order of the calculation of Γk becomes
O(n + m) in each t by using the matrix inversion lemma
[11].

3 Relation to the model-based de-

sign

Although this algorithm is developed for us to overcome
certain range of nonlinearity and others, first we study the
case of the ideal linear system:

x(t+ 1) = Ax(t) +Bu(t). (10)

It is well known that the LQ optimal gain is given by the
limit (k → ∞) of the matrix Riccati difference equation
and the related gain equation:

Pk+1 = AT PkA+ CT C

− AT PkB (BT PkB +DT D)−1BT PkA, (11)
Gk+1 = − (BT PkB +DT D)−1BT PkA (12)

with the terminal condition P0 ≥ 0 under the quite loose
condition of stabilizability and detectability. The model-
free algorithm is related to these equations as follows;

Theorem 1. Suppose that Nk ≥ m+ n and δ is a suf-
ficiently small positive number. Then (3) - (9) are equiv-
alent to the matrix equations:

Pk+1 = (A+BGk+1)T Pk(A+BGk+1)
+CT C +GT

k+1D
T DGk+1, (13)

Gk+1 = Gk − {BT PkB +DT D +Hk}−1

∗ {BT Pk(A+BGk) + DT DGk}. (14)

(Proof) Define the sub-matrices of Γk by

Γaa
k = (A+BGk)T Pk(A+BGk) + CT C

+ GT
k DT DGk, (15)

Γab
k = (A+BGk)T PkB +GT

k DT D,

Γbb
k = BT PkB +DT D.

Then we can rewrite (4), which contains Gk+1, to

Pk+1 = Γaa
k + Γab

k ΔGk +ΔGT
k Γ

ba
k

+ ΔGT
k Γ

bb
k ΔGk, (16)

ΔGk = Gk+1 −Gk.

Substitute (15) into (6) and substitute the resultant ΔGk

into (16). Then we obtain (4) and (5).
On the other hand, (15) is equivalent to

Γk =
(
(A+BGk)T

BT

)
Pk (A+BGk B )

+
(

CT GT
k DT

0 DT

) (
C 0

DGk D

)
. (17)

Multiply (17) by ξ(t)ξ(t)T from the left side and ξ(s)ξ(s)T

from the right side respectively. Note that (10), (1) (3)
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and the definition of ξ(t) imply

x(t+ 1) = (A+BGk B) ξ(t), (18)

z(t) =
(

C 0
DGk D

)
ξ(t). (19)

Substitute these relations into ξ(t)ξ(t)TΓk ξ(s)ξ(s)T . It
follows that

ξ(t)ξ(t)TΓk ξ(s)ξ(s)T = ξ(t){x(t+ 1)T Pk x(s+ 1)
+ z(t)T z(s)}ξ(s)T . (20)

Sum up this equation with respect to t ∈ Tk and s ∈ Tk,
and multiply it by Ξ−1

k from both sides. Then we obtain
(7).

4 Convergence property of the
gain

Suppose the special case that H0 = 0 and λ1k ≡ λ2k ≡ 0.
Then we can easily show that (13) and (14) are equiv-
alent to the matrix Riccati difference equation and the
related LQ gain equation. This relation guarantees, un-
der the above special case, that Pk and Gk converge to the
non-negative solution P ∗ of the algebraic Riccati equation
and the related time-invariant LQ optimal gain G∗ respec-
tively. Then we can perform the LQ control by removing
v(t) after we optimize the feedback gain. We can extend
this result to the general case.

Theorem 2.[12] Suppose the standard condition:
(A,B) is stabilizable, (C,A) is detectable and DT D > 0
in addition the assumption of Theorem 1. Then Gk given
by the iterative algorithm (3) - (9) converges to G∗ as
k →∞
According to this result, the convergent gain is identi-

cal regardless of λ1k, λ2k and H0, In addition, the gain is
identical with what is given by the standard model-based
LQ design. However, these results become different if the
system is not ideal because of nonlinearity and others. As
a countermeasure, the standard model-based design con-
tains a statistical data processing in the system identifica-
tion. On the other hand, the basic model-free algorithm
with Hk ≡ 0 had no statistical data processing [11]. As a
result, its convergence ability was poor for practical use.
The matrix Hk is introduced in order to deal with non-
ideal systems.
Note that (4) are equivalent to

Pk+1 = Γaa
k + Γab

k ΔGk +ΔGT
k Γ

ba
k

+ ΔGT
k Γ

bb
k ΔGk (21)

where ΔGk = Gk+1 − Gk. We know that this relation is
the Taylor expansion of Pk+1 at the gain Gk with respect
to gain change ΔGk. Therefore, Γaa

k , Γab
k and Γbb

k denote

the 0th, 1st and 2nd sensitivities of Pk+1 with respect to
the gain change, respectively. Suppose Hk = 0. Then (5)
is a kind of Newton method to optimize the gain, and Pk+1

is optimized provided that the system is exactly linear.
If the system has nonlinearity, the Taylor expansion has
higher-order terms. Then Pk+1 is not optimized and the
sequence Pk often diverges.
It seems important to apply the idea of reducing gain

change in stochastic gradient methods. The non-negative
matrix Hk plays this role. Therefore, the convergence
property of Pk is different from the standard Riccati differ-
ence equation. The introduction of Hk and the condition
(8) are given on the analogy of Landau’s adaptive scheme
[13]. Note also that (13) is different from the usual system
error equation. .

5 Dynamical output feedback

The state feedback is assumed in the above basic model-
free LQ control design. We extend the result to the output
feedback problem. The standard approach to the prob-
lem is based on the separation into state observation and
state feedback. However the separation makes the prob-
lem rather difficult for unknown systems from the view-
point of the model-free design. Here we apply the idea of
the non-minimal state-space model [3].
Let S be the system given by (10)

y(t) = C′x(t) (22)

where y(t) ∈ Rr is a measurable output. Suppose that
z(t) is composed of measurable signals as

z(t) =
(

C”y(t)
Du(t)

)
. (23)

It follows that C = C”C ′. The detectability of (C,A)
is satisfied provided that (C′, A) is detectable and C” is
column full-rank.
The input-output relation of S is

y(t) = a1y(t− 1) + a2y(t− 2) + · · ·+ an̄y(t− n̄)
+ b1u(t− 1) + b2u(t− 2) + · · ·+ bn̄u(t− n̄)

(24)

where n̄ is a suitable integer. In fact this relation is famil-
iar for a SISO system as n̄ = n.
Let S̄ be the m(n̄−1)+rn̄th order extended state space

model:

X(t+ 1) = ĀX(t) + B̄u(t) , (25)
y(t) = C̄′X(t) ,

z̄(t) =
(

C̄X(t)
D̄u(t)

)
,
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where

Ā =

⎛
⎜⎝

a1 . . . an̄ b2 . . . bn̄

I n̄−1 0 0
0 . . . 0 0 . . . 0

0 I n̄−2 0

⎞
⎟⎠ , (26)

B̄ = (b1 0 . . . 0 I 0 . . . 0)T ,

C̄′ = (I 0 . . . 0 0 0 . . . 0),
C̄ = C”C̄′,
D̄ = D

and the state variable is

X(t) =
(
y(t)T . . . y(t− n̄+ 1)T

u(t− 1)T . . . u(t− n̄+ 1)T
)T

. (27)

In the equations, I n̄−1 is the unit matrix with (n̄ − 1)
diagonal blocks and B̄ has the unit matrix as the (n̄+1)th
block. This is formally a state equation, and the following
relations hold though it is not a minimal realizing system.

Theorem 3 Suppose that (A,B) is stabilizable,
(C,A) is detectable and DT D > 0 for the original sys-
tem. Suppose n̄ is the observability index of the observ-
able sub-system of S or over. Then S̄ satisfies the following
relations [3]:

(1) S and S̄ have the same input-output (u, y) rela-
tion provided that X(0) is given at t = 0.

(2) X(t)→ 0 (t →∞) implies x(t)→ 0.

(3) (Ā, B̄) is stabilizable, (C̄, Ā) is detectable and
D̄T D̄ > 0.

The relation (3) guarantees the existence of the LQ con-
trol of the extended state space model S̄. In addition, (2)
guarantees that this LQ control stabilizes the original sys-
tem S as well. This state feedback of S̄ means a dynamical
output feedback of S. We refer to this control as the LQ
output-feedback control.
If X(0) is given at t = 0, the recursive model-free LQ

control design algorithm is applicable to S̄ by replacing
x(t), Gk, n and z with X(t), Ḡk, 2n̄−1 and z̄ respectively.
Data on A, B, C′ (or ai, bi) and x(t) are unnecessary
for this calculation. If X(0) is unknown, we can replace
it with an estimate X̂(t). This control is related to the
standard approach with a state observer as follows [3].

Theorem 4. Suppose the same assumption as
Lemma 1. Then the LQ output-feedback control is equiv-
alent to the combination of the standard LQ control with
dead-beat state observation, namely

Ḡ∗X(t) = G∗x(t)

holds after X(t) is known.

Note that X(t) becomes known at t ≥ n̄−1 even if X(0)
is unknown. The LQ output-feedback control agrees with
the standard LQ control after this.

5.1 Simulation results

In order to test the convergence property of the recursive
model-free algorithm, we applied it to the following system
with irregular responses. Consider the system
(

x1(t+ 1)
x2(t+ 1)

)
=

(
a11 0
1 0

) (
x1(t)
x2(t)

)
+

(
0.2
0

)
u(t),

z(t) =
( √

2
2 x(t)
u(t)

)

We express the irregularity of the system by the irregular
time-varying parameter

a11 = 1.2 + r sin(t/10)w(t)

where r is a non-negative number and w(t) is the uni-
formly distributed random noise on the range [0, 1] with
the expectation. The system is ideal only if r = 0.
The algorithm is applied by assuming that the system

equation is unknown though x(t), u(t) v(t) and z(t) are
available. A zero-mean white noise with the unit variance
is used as v(t). The initial parameters are chosen as P0 =
0, H0 = 0, and G0 = 0 for all cases. Therefor the initial
system is unstable. The positive number δ is 10−6. The
period Tk is {3k, 3k + 1 3k + 2} or {4k, 4k + 1, 4k +
2, 4k+3}. The initial state is x(0) = 0. The state is reset
to x(t + 1) = 0 provided ||x(t)|| > 10 in order to avoid
divergence of the state. In addition, Pk is restricted so
that {rmtrace}(Pk) ≤ 10000.
Fig. 1 and Fig. 2 show the change of the gain elements

g1 and g2. where λ1k ≡ λ2k ≡ 0 for the former and
λ1k ≡ 0.995, λ2k ≡ 1 for the latter. The solid lines express
the change of the first element g1 of the gain and and the
broken lines express that of the second element g2. Both
of them converge to the LQ optimal values g∗1 = −2 and
g∗2 = 0, respectively though their convergence rate are
different.
Fig.3 shows the change of gain for r = 0.5 where the

other parameters are the same as Fig.1. The gain does
not converge and the basic Newton method with Hk ≡ 0
can not give the stabilizing gain. On the other hand, The
gain converges in Fig.4 - Fig.6. where r = 0.1, 0.5, 1.5
respectively. The other parameters are the same as Fig.2.
The convergent gain of Fig.4 is almost the same as the
optimal gain. Fig.7 and Fig.8 show the change of q(t) =
z(t)T z(t) for the above cases r=0.5 and r=1.5 respectively.
Therefore can see that stabilizing gains are obtained in
these cases.
Fig. 9 shows the result of the output feedback problem:

y(t) = 1.5x2(t)

is measurable in stead of the state of the above example
(r=0). This is the same example as was discussed in [3].
The non-minimal model S̄ has the state

X(t) =
(
y(t) y(t− 1) u(t− 1)

)
(28)
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by letting n̄ = 2. The solid line, the broken line and the
dotted line express the gain elements of y(t), y(t− 1) and
u(t − 1) respectively. Other parameters of the algorithm
is the same as Fig.2. We see that the gain converges to
the optimal gain Ḡ∗ = (−1.6 0 − 0.4).
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